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Abstract

We consider the class of Bayesian environments with independent types, and utility functions which
are both quasi-linear in a private good and linear in a one-dimensional private-value type parameter. We
call thesendependent linear environmentor these environments, we fully characterize interim efficient
allocation rules which satisfy interim incentive compatibility and interim individual rationality constraints.
We also prove that they correspond to decision rules based on virtual surplus maximization, together with
the appropriate incentive taxes. We illustrate these techniques with applications to auction design and public
good provision.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Many papers have now been written on optimal mechanism design for Bayesian environ-
ments! While a variety of technical approaches have been taken, most of these papers share a
common mathematical structure, but this common structure is not transparent, as these techniques
are scattered across a number of articles, each of which focuses on a specific application or feature
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E-mail addressegledyard@hss.caltech.edd.O. Ledyard)tpalfrey@princeton.ed(l.R. Palfrey).
1 see, for example, Corne[#], Coughlar{5], Cramton and Palfref7,8], Crémer et al[9], d’Aspremont and Gérard-
Varet[1], Dudek et al[11], Gresik[12], Laffont and Maskirj19,20], Ledyard and Palfref23—26] Mailath and Postlewaite
[29], Makowski and Mezzet{i30], Myerson and Satterthwaif83], Myerson[32], Wilson[41,42]
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of the general problem. Here, we exploit that common structure to give a full characterization
of interim efficient allocation rules for what we cdihear independent environmentShese
environments have quasi-linear utility, additivity in taxes in the feasibility constraints, and linearity
of utilities in a one-dimensional independent private-value type. The general model embodies both
public good problems and private good problems in a single framework. We also prove that these
solutions correspond to decision rules based on a virtual cost-benefit criterion, together with the
appropriate incentive taxes.

As is standard, we use the revelation principle to characterize efficient allocation rules by
restricting attention to direct revelation mechanisms. We use the separation result of d’Aspremont
and Gérard-Vardtl] which allows the separate computation of feasible incentive taxes. We will
use an insight of Myerson and Satterthwaite [33] which reduces individual rationality constraints
to a single constraint that does not involve the incentive taxes. The technical approach is closest
to the original Mirrlees [31] analysis of optimal taxation for income redistribution, and Wilson’s
[42] later study of ex ante optimal trading procedures.

In contrast to the above papers, this paper is concerned with interim efficient allocation rules,
using a concept first introduced by Holmstrom and Myerson [17]. An allocation rule is interim
efficient if there exists no other allocation rule that makes no type of any agent worse off and
makes some types of some agents better off. It is the natural generalization of Pareto optimality
to Bayesian environments where agents have private information. There are only a handful of
papers that explore the properties of interim efficient allocation rules, and these are limited to a
few applications?

The next section presents the basic notation and the model. Section 3 presents the character-
ization results and proofs. Section 4 shows how the characterization is simplified in the regular
case and Section 5 illustrates this approach with several applications to both public and private
goods environments. We make some concluding remarks in Section 6.

2. The model

There areN individual agents. Aroutcomeconsists of a social allocation and a profile of
taxes. Asocial allocationis anM-vector, denoted = (x1, ..., x™) which is an element of a
feasible setx € RM for someM > 0. Thecostof the social allocation is given bg(x), and
a=(at,...,a") e RN is aprofile of taxedor the agents, which must collectively be sufficient
to cover the cost of. We denote the set of feasible profiles of taxes, given an allocatiduy
A(x) ={a € RV | YV, a' > C(x)}). Formally, afeasible outcomis a pair(x, a) € Z whereZ
is the subset ok x R" such that € A(x) forall x € X.

Each player has atypg, We assume that each individual knows his own type and does not know
the types of the other individuals. We assume that the typesdependently distributeavith the
(common knowledge) cdf ofs type denoted-; (-) and the support of; is 7! = [t',7'] € R. We
assumeF; has a continuous strictly positive density Bin Note thatt’ < 0 is allowed. The von
Neumann Morgenstern utility function for typé of agenti for an allocation(x, ) is assumed
to take the forn? Vi(x, a, ') = t'¢' (x) — a'.

2 See Gresif12] and Wilson[41] for applications to bilateral trade, particularly double auctions. See Couffilan
Laussel and Palfrei22] and Ledyard and Palfrg23—26]for applications to public good mechanisms. Perez-Ni§3%ak
investigates the interim efficiency of Groves mechanisms.

3In many applicationsg’ (x) is the quantity consumed by agerin the social allocatiorr. However, this is just one
of several possible interpretationsef
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An allocation ruleis a mapping fronT' = T1 x ... x TV into Z. A mechanisnis a game
form consisting of a message set for each agent and an outcome function that maps message
profiles into probability distributions over the set of feasible allocationdirdct mechanisiis a
mechanism in which the message set for each agent is sifipBy the revelation principle, any
allocation rule that results from equilibrium in any mechanism is also an equilibrium allocation
rule of an incentive compatible, direct mechanism. Therefore, the rest of the paper only considers
direct mechanisms.

A strategy fori in a direct mechanism is a mappint: 7! — T : that is, a decision rule that
specifies a reported type for each possible type. We denote a feasible direct mechanism simply as
a function,n : T — Z. We denote the social allocation component; @it type profilet by x(z)
and the tax profile by (). We will refer to the paig’ (x(-)), a’ (-)) asi’s allocation under.

Besides resource feasibility, the two restrictionspooonsidered in this paper are incentive
compatibility and individual rationality. Incentive compatibility requires that it is a Bayesian
equilibrium of » for all agents to adopt a strategy of truthfully reporting their type. Given a
strategy profiles’ : T* — T and mechanism, denote byU’ (17, ¢, s*) the interim utility to type
t' of agent, if he reports typa‘, assuming all other agents truthfully report their type. That is

U, t,s) = /T[r"qf[x(s", O = d' (5" tTHdF (¢ |).

And, denoteli (1, 1) = U' (n, 1, t').

Definition 1. A direct mechanismn is (interim) incentive compatibleif and only if
Ut(n,t")y=U" (n,t*, s") forall i, ¢, s*.

We also require allocation rulesto satisfy an interim individual rationality constraint. This
means each type of each agent must be at least as well off, at the interim stage, by participating,
as they would be by not participating, assuming truthful reporting by all agents. We assume the
interim expected utility of not participating in the mechanism does not depend on the mechanism,
but can depend on type. We denote this non-participation valde‘hy?). 4

Definition 2. Adirect mechanismsatisfies (interimindividual rationalityifand only ifU (n, t")
>U% ¢ foralli, ¢

Definition 3. A direct mechanismy is interim efficientiff (a) » is feasible, (b) is (interim)
incentive compatible and (o) satisfies (interim) individual rationality anfl7 such thafy is
feasible, is (interim) incentive compatible, angisatisfies (interim) individual rationality, such
thaty' (7, ') > U" (n, ¢') for alli, ', andU’ (7, ') > U'(n, ') forsome and foralls’ € T* C T',
whereT' has strictly positive measure relativeTo.

The following well-known resuR is stated below, without proof.

Theorem 1. A direct mechanismy is an interim efficient mechanism Hf a set of interim
S N S o
welfare weights A = {/1’ T — R+} . with ftf» A(t)YdF'(t') > 0 for some j such that

i:

4In this_formulation,UOi (t') is taken to be exogenous and possibly type dependent. In many applications it is assumed
thatU% (1) = 0 for all types, but in general it can depend on type.

5 See Holmstrom and Myersgh7].



444 J.O. Ledyard, T.R. Palfrey / Journal of Economic Theory 133 (2007) 441—-466

n maX|m|zesZ 1 tl L (HU (n(r), 1) dF' (') subject to(a) n is feasible (b) 7 is (interim)
incentive compatible angt) » satisfies thginterim) individual rationality constraint

We now proceed to characterize that set of interim efficient mechanisms.

3. The characterization

The characterization of interim efficient mechanisms is broken down into two parts. First, the
constraints in Lemma (incentive compatibility, resource feasibility, and interim individual ra-
tionality, or voluntary participation) are characterized. The constraints for incentive compatibility
correspond to first and second order conditions of an individual optimization problem, using
standard arguments. The constraints for resource feasibility and interim individual rationality are
simple inequalities, but take a more convenient form when one substitutes in the incentive con-
straints. Obtaining this more convenient form of the interim individual rationality constraint is
not completely standard and requires some additional notation, so we explain it in more detail.
Following this, we illustrate it with the bilateral bargaining problem studied by Chatterjee and
Samuelson [3] and Myerson and Satterthwaite [33].

The second step in the characterization involves a general solution to the maximization problem
posed in Lemma 1, with the constraints rewritten as described above. We show how this problem
simplifies in the so-called “regular case” where the second order incentive compatibility condition
is not a binding constraint.

3.1. Constraints

3.1.1. The incentive compatibility constraint R

Incentive compatibility is satisfied if and onlydfi (, t') > U (n, t*, ') for all i, ¢*, ¢'. When
preferences are linear in type ands twice differentiable, this can be rewritten in terms of
two simple conditions [37]. First, an envelope condition specifies that the total derivative of the
interim utility for i with respect to type when players adopt truthful strategies is equal to the partial
derivative with respect to type (i.e., fixing the reports of all agents). Second, the second derivative
interim utility to i with respect ta’ under truthful reporting is positive, 96' convex ini’s type.

In linear independent environments, this characterization of incentive compatibility can be
expressed very simply and generally in terms of constraintedmced form allocationghat is,
the expected value of that type’s allocation under the mechanism, when all agents report truthfully.
The reduced form social allocation of typeis denoted isQ’ () = fT g [x()1dF(t|t), and
typer’s reduced form tax is denoted W(t') = [, a'(t)dF(t|1"). Inthe differentiable case, the

envelope condition reduceszfdzt— S 24’ and the convexity condition l%% >0Vi,andr! € T".
This well known result is stated sllghtly more generally below, and allows for mechanisms that
may not be everywhere differentiable.

Lemma 1. A direct mechanism is incentive compatible iffor all i, t' € T?,

t
UGt =Uwt)+ | Q' (s)ds (IC1)

tl



J.O. Ledyard, T.R. Palfrey / Journal of Economic Theory 133 (2007) 441-466 445

and
Q' (") is non-decreasing ir . (IC2)

3.1.2. The resource feasibility constraint

Resource feasibility, or (weak) budget balancing, requires that, for every realization of types,
enough taxes are raised to pay the cost. Th@i%il a'(t) > C(x(t)) Vt. Like incentive compat-
ibility, this constraint is easier to work with by transforming it into reduced form, and substituting
the incentive constraint. With this in mind we define the expected budget surplus of an incentive
compatible allocation rule (summed over all agents).

Definition 4. Given an allocation rule theexpected budget surplasn be rewritten as
N

s i . o o o
S(X)EZ|:/' (tl_fiTi()t)> Qt(tl)dFl(ﬂ)_£1Q1(£1)+Al(£l)i|
1

i=1

—/ C(x(t))dF(t).
T

To see this is indeed the expected budget surplus, observe that substitution of the incentive
compatibility constraint (IC1) into the definition of expected taxes fgives

/ti Ai(ti)dFi(ti)—/ (r"—w> fx(®)dF(t) — U'(t")
. ~ ) fiany )1 -

Hence,S(x) is the ex ante budget surplus, given incentive compatible taxation. The next step
involves the separation of the transfer problem (the choi@@ fsbm the allocation problem (the
choice ofx), which is a well-known resulf. We include a proof for completeness.

Lemma 2. Letx : T — X be an allocation rule such tha@’ is a non-decreasing function gf
foralli. If {AO’}{\’:1 is a collection of N constantthenda : T — R suchthat(x, a) is incentive
compatible and feasible andl® = A!(¢/) for all i, if and only if S(x) >0.

Proof. See Appendix. []

The inequality in the statement of the lemma requires that given incentive compatible taxation,
ex ante expected taxes are greater than or equal to ex ante expected costs. In other words, it is
only the ex ante budget balance constraint that is binding.

3.1.3. The individual rationality constraint

Individual rationality, or voluntary participation, is satisfied if and onlyif(y, r') > U% (1%)
foralli, t'. The key is to obtain an equivalemsableversion of this constraint in terms okingle
inequality constraint. This is done by combining it with incentive constraints.

Because we are interested in a range of applications from public goods to bargaining to auc-
tions, we need expressions which will accommodate both buyers and sellers. Individual ratio-
nality requires an agentset utility given incentive taxes to be non-negative for all of that

6 See d’Aspremont and Gérard-Vaf#}.
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agent’s types:

ti
Ui, i —0%@H) = o' (¢') — AY —/, sdQ'(s) —UY@H)=0ve e T,
tl

That is, it requires

li
0 < min tiQi(ti)—AOi—/_ sdQ'(s) — U% (1)
[l

Zi
min | 0" (') — A% + / 0/ (s)ds — U% ()
ti tl

1

=
ti
A% < 0N + min [ / Q"<s>ds—U°"<t">]
t! ti

1

Notice that for buyers witly% (t1) = 0 for all ti. as in the standard auction or public goods
applications, sinc@' >0, this reduces to/* (') = t' Q' (') — A% >0. But for sellers, for whom

U% 1y = ¢, this requiresU’ (') + ffll Qi(s)ds — 7 >0. There may also be applications for

which voluntary participation binds in the interior, so the argmin is neither ¢’ [6].
We next combine individual rationality with feasibility to get a useful result for later.

Lemma3. Ifx: T - X satisfiesa—Ql.i>O, then there exista : T — RY such that(x, a) is
incentive compatibldeasible and satisfies individual rationality if and only if

- 2 i L=F)\ i i : r i Oi /i
S| (=T ) @dara vminl 7o ds - v

i=1

_ / Cx(6)) dF (1) >0, )
T

Proof. See the Appendix. []

To see how easily existing results follow from Lem@awe look at one early application as
an illustrative example.

Example. Myerson and Satterthwaite [33], consider a bargaining problem with two agents, a
buyer,B, and a seller§ andC(x) = 0. Each trader can guarantee himself the no trade outcome.

B has no endowment, b&has the option to keep the object and recé&i?&(:’) = ¢. Therefore,
as we found above,

ZB
min U 08(s)ds — UOB(tB)} =0 forB
t! tB

and

S &
min U 05(s)ds — UOS(tS):| =7 —f 05(s)ds forS.
+S ‘S tS
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Using these two identities and constraib} Yields the inequality for the IR constraint:
8 BB I S¢S
1- F°(t?) F>(t°)
B — ) oBuBYydFB (P / t3 S dF3#%)>0.
/, ( ) )Q( i@+ [+ sy ) @D ar )

From Lemma3, one can see that this is easily extended to an arbitrary number of buyers and
sellers. Denoting theetof buyers byB and thesetof sellers byS we the participation constraint
becomes

Z/( e ()l)>Q(t)dFl(t)+Z/ ( fjgj;)Qj(ﬂ)dF](t,))O.

ieB jeS

3.2. Characterization of interim efficient allocations

We introduce one more piece of notation and a simple lemma that provides a formula for
expected interim welfare when taxes satisfy incentive compatibility. Given a set of interim welfare

. . N . i, Ny
weights,A = {/”J T —> R+}_ X let \9 = ff,» At dF'(r'), denotd’s ex ante welfare weight
1= -

relative toother playersThen we definé\’ (') below as a normalized measure of the fraction of
i’s welfare weight that is concentrated bslower types (lower thaw). ’

Definition 5. If 1% > 0, let A’ (¢/) = T%, ft’,-i () dFi(s). If 2% =0, thenA! (+') = 0

Lemma 4.

f ii(ti)[tiQi(ti)—AOi—/_ SdQ"(s)} dF'(t")
t! r

. TSN\
— iOZ AOl / = LY dFE (F _
[r Q' (1" — . (—f,(ﬂ) )Q (t")dF'(t )}

Proof. Integrate by parts. [

We can use Lemmak, 2, and 4 to provide a more convenient statement of the optimization
problem in Theorem 1 where we characterize interim efficiency.

Theorem 2. There exists : T — R" such that) = (x, a) is interim efficient iff there exist non-
negative type-dependent welfare we|g[vtS}N 1 Where) . 2% =0, andN constants{AO’}l L1

such that(x, {A%}Y ) solves
max AOI / —_— L tl dFl fl +tl ! fl —AOI
{x:T—X} ; |: i ( Fi(th) ) Q' (') )+ 0 ()
subject to

[i
0< 0 (') — A% + min [ Qi (s)ds — UOi(ti):| for all i
tl

ti

7Wilson [41] refers toAl (-) as the conditional welfare weights of agént
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N 7 ;
r T

i—1
Q! (t) is non-decreasing irf for all i, '.

Proof. Follows from Lemmag, 2, and 4. The first inequality is individual rationality combined
with (IC1). The second inequality is feasibility combined with (IC1). The third condition is
(IC2). O

Without individual rationality, this problem simplifies. First, given the linearity of the problem,
in the absence of any participation constraints, the (ex ante) welfare weights must all be equal.
That is, without loss of generality® = 1 for alli. Otherwise, the problem has no solution since
one can always improve welfare by arbitrarily large transfers between agents with different ex
ante weights. Second, the constant transfet§i}Y ,, have no welfare consequences beyond
their sum. The following corollary summarizes this.

Corollary 1. There exista : T — R" such that) = (x, a) is interim efficien{without individ-
ual rationality) iff there exist non-negative type-dependent welfare weigﬁt#": 1» such that for
alli,j, /% =% =1andx : T — X solves

max S /[,- g L= Fah 1- A Qi(ti)dFi(ti)—/C(x(t))dF(t)
rT—>Xy = | Ji fi(th) Fih T

1=

subject to
Q! (t) is non-decreasing irf for all i, 7',

4. The regular case

In this section, we characterize the solution to the problem in The@amthe case where
constraint (IC2) is not binding, and identify conditions under which the solution to this relaxed
problem satisfies the missing constraint. When this is true, we refer to the probteeragular
case We adopt a Kuhn—Tucker approach to solving for an optimum.

4.1. Kuhn-Tucker conditions

If we apply the Kuhn—Tucker Theorem to the optimization problem in Theorem 2 the problem
can again be restated as follows. In the regular case, there exists a transférriile> RY such
that(x*, a*) is interim efficient if and only if there exists a non- negative system of type-dependent
welfare welghts{/l’} 1, with Z 2% < 0, individual multipliers {p' }l * 1, amultiplier,é, and
A*0 such thalx*, A*O) solves

71— A o .
max Z )L f M Ql(tl)dFl(tl)+£l Ql(zl)_AOl
i f’(l")

{x:T—X} ,AO 4

¢
+3S(x) + Z P’ [z" 0'(t") — A% + min [ Q' (s)ds — U” (r")ﬂ 2
i=1 "
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and

p' >0 foralli,

li
0 < U'(t) + min [/ 0 (s)ds — UO’(t’):| for all i,
t! ti

1

li
0=p |:Ui(£i) + min [/ Q' (s)ds — UO"(;")H for all i,
t! tl

The multipliers,{ 0 } , 0 are for the participation constraints and the resource feasibility constraint,
respectively.

4.2. Solving fop and A*0

Suppos€p, o, x*, A*0) solves 2_) for someJ. First, observe that, dt*, A*), the first order
conditions of (2) with respect ta% are necessary for an optimum, and this implies

9 _pi4+5=0 foralli. (3)

Define 2 = max {A%}. Thenp’ >0 impliesd>1>% for all i. Since}"", /% > 0, this
immediately implies) > 0 and

S(x*(-)) = 0. 4)

From LemmeaB, if x : T — X satisfies

YT = F o
0< l—+ i zdFl i —U[ j _ c dF |
;Uz (t fih) )Q(’) (") (") /T (x(1))dF(r)

we can solve fon% (and hence(-) as well). Finally,

/i
W < T = U'(t") + min [/ Q'(s)yds — U” (ﬂ’)} =0 foralli. (5)
1 i

Eq. 3) implies that we do not need to keep track of each individual rationality constraint
separately, and can eliminate the individual rationality multipliers. The other two conditions have
implications about both the total amount of taxes and the distribution of taxes.

Eq. (4), implies that the total tax exactly balances the total cost @f. That is,ZlNzl al(t)
= C(x*(¢)) for all t. Hence there is no inefficiency in production (the budget always balances).
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Eq. () has implications for the distribution of transfers. First note thatiit= E,_thenA*O" S
simply the residual profit from the other agents for whaif¥’ = ' Q (/) 4+-min,; [ftt,-l Qi (s)ds —
U% (+1)]. Second, if

i /ri (;i_ﬂ) Q' (t'ydF' (') — min /ﬂ Q' (s)ds — U (1"
i—1 L7t G oL
:/C(x(t))dF(t)’
T

thenA*% = ¢ Q' (¢') 4+ min,; [fttl-i Q' (s)ds — U% ("] for all i, and this must hold i§ > /.

Having dispensed witlmg andp’, it is a straightforward exercise to substitute and rearrange
terms to give the following theorem that completely characterizes interim efficiency in the regular
case. In order to write a clean expression that covers the many applications where the w8rst type
is notz’, we use the indicator functiofi (), where

ti
I'thy=1 ifs <arg min{z"Q"(r") — Al —/ sdQ!(s) — UO"(r")}
1! #

ll
=0 iff>arg min|:tiQi(ti) — Al —f sdQ'(s) — UO"(t")i|.
r i

Theorem 3. For the regular casé a* : T — RN such that(x*, a*) is interim efficient if and
only if there exist non-negati\{é‘}f":l with Zf\’zl 2% =~ 0andé > such that

i =Fah 2% A ) ( _/1_(”> li(ti)] AN
x* earg max 2 Ju [Z 7y T ey T3 %) ey | Q@A) T
=X — [ C(x(0))dF(t)

(6)

N

v 1_Fi(;i)> . .
O\ l_ . . ! ! dFl !
<Z[/t (t g ) 2 EOEFE

i=1

ti
+ min (/ Q' (s)ds — U°i(ri))} —f C(x(t))dF, (7)
t 1 T

0=(s—7y1 2 [fff (t"— 1}?&53”) Q' (") dF' ')+ min, ( f;,-i Qi (s)ds—UY (zi))]
— [, C(x(1))dF

(8)

Note that this requires*(-) ando to simultaneously solvesj—(8) rather than maximizing (6)
subject to (7) and (8).

8The worst type is defined byrgmin,; [t Q' (') — A% — flt,l sdQl(s) — UY 1))
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4.3. Virtual valuations

The term of the maximand 06} in large square brackets can be written as

o . . ;LOi 1_Fii_1ii iOiAii—Fii
W,(tl’i,’é)Et,_<1_ ) ()= 1@y A% A - Fl)

0 fih) ) fieh)

We call this thevirtual valuationof type’ after Myersor{32] and others (Wilson [41], Gresik

[12], and Ledyard and Palfrey [24,25]). The virtual valuation is equal to the player'sitypéth
adjustments due to two factors. The first adjustmerit, — % % is for information

rents resulting from binding participation constraints. This corresponds to the relevant terms
in Myerson and Satterthwaite [33] whekk equals the constant functidnfor both buyer and

seller. In their notation the adjustment to the buyer’s virtual valuation equa%}% and the
adjustment to the seller’s virtual valuation eq lgl; :
The second adjustment is due to possilésirabledistortions arising from redistribution of
income, which occurs if welfare weights are type dependent. This adjustment is given by the
P G Al (1))
expression- - ——-r——. |
If participation constraints are not binding anywhere, thes 1% for all i. In this case the
first adjustment term disappears entirely and the whole expression for virtual valuations reduces

to Wi(t!, J1,0) = ¢ — % so differences between actual and virtual valuations are
driven entirely by the type dependent welfare weights, reflecting distributive considerations. If
there are no distributive considerations, i) = 1 for alli and¢?, thenA’'(t') = F'(¢') and

Wi, A, 0) =+,

4.4. Sufficient conditions for regularity

The solution to the regular case was obtained by simply dropping the constrairg'tinat
non-decreasing, so the question is: When is the solution to this “relaxed” problem also a solution
to the original problem? A complete answer to this question would give a full characterization
of the regular case. A partial answer is easier to find. Specifically, a sufficient conditiof for

be non-decreasing, ' is thata—‘:ji >0, for all#’, i and for allé > /4. Thatis, virtual valuations are
monotone in type. As Gresik [612] and Ledyard and Palfrey [24,25] recognized, this boils down to
a joint condition on priorg; andwelfare weightsi. The standard condition (i.e. without welfare

weights or participation constraints), that— 1}f(ﬂ(§) be increasing i’ for all i, is neither
necessary nor sufficient. For exampléif is uniform on[0, 1] then
1— Fi(th) N 290 (11— Al

frah) 6\ fi)

Wiy =1 —

9In this section we only consider buyers, for whdfiz') = 0 for all /. The cases wherE (¢/) is not necessarily 0
(e.g., sellers) are similar.
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. A .y
=i —[1—F' )]+ 5 [1-A'(1)]

;bOi |: i ) )
1—/ )f(s)dF’(s):|.
0 i

SOW =2— 5i A (¢%). For the special case of constant welfare weights/isayl, this implies

5;? =2- 5 > 0 sinced > 1, so the solution to the relaxed problem for the uniform case is

always optimall® But for interim efficiency, which allows for non-constart?), one may need
further restrictions in order to satisfy the second order conditions of the full optimization problem.
For example, in the uniform case described above, the solution to the relaxed problem satisfies
the second order conditions of the full problem if and only/ ifr’) <20 for all i, 1.

If the standard condition holds (- 2= increasing in‘ for all i), then a sufficient condition

VG
for the regular case is thﬁgfl >0, for all#/, i whens = /. This is satisfied it! + %f,\)’(”

is increasing in' for alli.
When £ ‘QW (f') < 0 for somei, t', we are in the irregular case. Here, the constrained optimal

solution can be obtained by a procedure known as “ironing” [13,38]; tha'isjust be constant

over some interval, which results in flat regions, sometimes referred to as bunching of types. This
raises a question of which interim efficient mechanisms are missed by the algorithm based on
virtual valuations.

5. Applications

We next turn to applications of the characterization of interim efficient mechanisms in several
different regular economic environments. Summarizing the previous section, a specific application
consists of a specification of

—_—— N N
N, X,Cxx){T',F',q' : X >R U":T" - R},

To find a specific interim efficient allocation for such an environment, one specifies a collection
of type-contingent welfare weight&}' : 70 — S)ﬁ}f":l and applies the technigues outlined in
the previous section.

Following Theoren8, interim efficient mechanisms in these settings can be derived by simply
modlfylng the original first best problem by replacing the valuatfonvith the virtual valuation
Wi, A, 9), for suitably chose®. Thus it is much like a classic welfare optimization problem,
where expectedrtual welfare (minus costs) is the criterion function, with the added complication
of IR constraints. This leads to a natural algorithm, using virtual valuations in the place of the
actual private valuations.

Stepl: SetcS =}, and for each let x (1) solve maxex SN WA A, 9)gi (x) — C(x). If

Z/ ( 1fz()t))q"(x3‘<z))dF<r|r">+n;jn{

—/ C (x3(1)) dF (1) >0,
T

this is the solution, and go to step 4. If not, then

ti

tl
Q' (s)ds — UV (r")}

10The case of constant welfare weights corresponds ex ante efficiency.



J.O. Ledyard, T.R. Palfrey / Journal of Economic Theory 133 (2007) 441-466 453

Step2: For everyd > /, for eacht letx*(r) solve maxex Y v, Wi(r, 1, 8)g' (x) — C(x).
Step3: Find the minimum value af such that

1 Fll(t) q' (x}(®))dF(t|t") + min
frah) 1

—f C (x}(0))dF(1)=0.
T

ti

ti
Q' (s)ds — UY (t")}

Step4: Calculaten*(7) using the formula in the proof of Lemnta The solution isc}(z).

We consider two applications in detail in this section: public goods and auctions. Other appli-
cations can be found in Ledyard and Palfrey [27]. Part of the point of this section is to illustrate
how all of these models are contained as special cases of the general framework in this paper. We
also develop some new results about interim efficient mechanisms for excludable public goods
and auctions.

5.1. Public goods

Properties of interim efficient public good mechanisms differ depending on whether exclusion
is feasible and whether IR constraints are included in the formulation of the problem. We describe
these dependencies below. In this subsection there are no sellers and we assume the regular cas
Hence virtual valuations reduce to

o o 1—Fighy 91— Al
w! l,il,é =t - —= —_
A=t T T A

andW' is non-decreasing iri.

5.1.1. Pure public goods

Without IR constraintd/Nithout IR constraints, and with type-independent welfare weights, the
efficient outcome is to produce the first best output and tax each agent the balancing incentive
taxes described in proof of Lemn2a[1]. Incentive constraints are not binding. However, with
non-constant welfare weights the story is much different. In that case, redistribution of the private
good across types has social value and incentive constraints are binding, resulting in distortions
from the first best output.

In the notation of this paper, the pure public goods mod#l is [0, 1], C(x) = Kx, ¢’ (x) =
x. Since individual rationality is not requiredl = 1. Hence, in the regular case, given wel-
fare weights, ) : T/ — 9T, the interim efficient mechanism is characterized b¥(r)
arg max <Zi 4+ %f,\;(” — K) x. That is, the efficient public decisiaiwaysinvolves a
simple cost benefit calculation: produce= 1 if and only if the sum of the virtual valuations
exceeds the cost of production; otherwise, produee0.

The nature of distortion from first best depends in systematic ways on the type dependent
welfare weights. Suppose for example that’) = ¢(¢') for all i, g is concave, increasing, and

0
C is convex and increasing. Then a first-best decisidn satisfies)_; ¢/ ‘3"(;“ ) = &) For
interim efficient mechanisms, given a set of welfare weights, a necessary conda tion for interim
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efficiency in the regular case is

N * *
Z Wi ) aqa(x ) _ 0C(x ).

= X 0x

Therefore, ifWi (i, 2') > ¢ for all t thenx* (1) > x%(r) and there is more production than the

ex ante efficient mechanisft. Indeed Wi (+, ') > ¢ occurs, for example, i (') is increasing

in ¢'. That is, when higher types are more heavily weighted than lower types, over-production is
a more efficient way to relax incentive compatibility constraints than transfershe economic
intuition behind this result is the following. First, since higher types are weighted more heavily,
welfare is increased either by shifting taxes from high types to low types or by producing the
public good more often. However, the only way to shift the tax burden from higher types to lower
types, without violating incentive compatibility or feasibility, is to produce the public good less
often, which would make high types worse off. This intuition does not depend on the linearity of
g" in x or the linearity of the production technology.

With IR constraints With individual rationality constraints, two results follow quickly for
regular environments. For simplicity, we deal only with the case of constant welfare weights (ex
ante efficiency), but the same results hold with general welfare weights.

The first result is for the ex ante case whens constant in type. With binding participation
constraints,

1-Flah | 21— AN
G o - fiah
no longer reduces t&’ (¢, Jt 8) =1, becaus® > 1. Instead, one gets

0)] 141
Wi, )= —(1- a w
frah)

0

Therefore virtual valuations are lower, so the efficient choice isfalways lowerwith indi-
vidual rationality constraints than withod€ For example, supposeé = [0, 1], C(x) = Kx and
g' (x) = x. Then for some realizations ofuch thaty_; ' — K is positive, but not very large,
it will be necessary to produce zero because there is not enough surplus to cover incentive costs
without violating individual rationality.

The second observation is that individual rationality implies that interim efficient public good
production collapses with largé Thatis, per capita output must go to 0, exceptin the uninteresting
case where positive production is optimal for all realizations @he intuition is simple, and a
detailed argument appears in Ledyard and Palfrey {23 fact,all interim efficient mechanisms
have this property. The reason is tigits') must converge to a constant, $ayhat is independent
ofi andr?, because with many agents one single agent’s report can have only an infinitesimal effect
on per capita production (assumirigis bounded above). Incentive compatibility then implies
that A’ (+') must also converge to a constant, which, by resource feasibility equals the average

Wi, A, 0) =1 —

11The distortion leads to less productioriif (1%, 1) < ¢’ for all t.

12This is not true generally for interim efficient mechanisms where weights can be type dependent. It will be true if
awi _ 0 1-AlGh
R
13 Guth and Hellwigi14] and Mailath and Postlewaif9] establish similar results.

<0 but this is guaranteed if and onlyAf () <1 for all 7.
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cost share, call it. Thus the individual rationality constraint becomég> ¢ for all i andz’. But

if ## < 0for somd, andc > 0, this impliesg = 0. So, unless it is individually rational to produce
a positive quantity of the public good, with equal taxation, for all realizatiorts diblic good
production goes to zero & — oc.

5.1.2. Excludable public goods

Without IR constraintsAn excludable public good is one for which consumption of the good
is allowed to be any’ such that & y' <x.SoU’ =t'¢'(y')—a',x € Ry.Here(x,y', ..., yN)
is feasible if and only if & y' <x fori =1,..., N.

The social decision for an interim efficient mechanism thus solves

o x| ZW(: g’ () = C)
X,y ..., i—1

subject tax € Ry, 0<y' <x.

So assumln% >0, and second order conditions are satisfied, interim efficient allocations satisfy,
for eacht,

N
x*(t) € arg rr)lcaxz max{Wi(ti, A, 0} g (x) = C(x)
i—1

andy’ = x iff Wi(ti,ii)>o. . .
For ex ante efficiencyy' (¢') = t'. So

N

x* € arg maxz max{ ] i(x) = C(x)
i=1

andy’ = x iff #/ >0. Note thatift’ >0, theny’ = x always and there is no difference between the
ex ante efficient mechanisms in the pure public good case and the excludable case. The threat of
exclusion provides no help in relaxing incentive constraints, simply because incentive constraints
are not binding to begin with. However, there can be a difference for interim efficiency if welfare
weights are type dependent.

For interim efficiency W! = ¢! — W Soy' = x iff r'> % andx*(r) €

arg max Y, max{t’ % O} {(x) — C(x). It follows that if the welfare weights

favor low types them\’(+') — Fi(¢') > 0 and there is lower production afand more types

are excluded than under the ex ante efficient mechanism. If the weights favor high types then
A (1" — Fi(#') < 0 and there is higher production and less exclusion relative to the ex ante
efficient mechanisnt?

At first blush, this may seem surprising. Excluding less often than the ex ante efficient mech-
anism means that some agents with negative valuations are forced to consume the public good.
Excluding them involves no resource costs, and makes them better off, so how can this possibly
be efficient? The answer is that when weights favor high types, then it is optimal to tax low types

14 Coughlan5] studies excludable public goods with congestion costs and no IR constraint. The results are similar, with
an additional adjustment term for the congestion externality.
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as much as possible. Butall negative types are always excluded, then they must all pay the
same tax, by incentive compatibility, but (interim) efficiency may in some cases be improved by
discriminatory taxation on negative types. Thus, the only way to have variation in the taxes of
negative types is to have forced inclusion.

With IR constraintsFirst consider the simple ex ante case, with equal weightapplying
our techniques, in regular environments, the ex ante optimal mechanism solves the following
problem, for suitably choseh > 1:

al {i §—11—F(h)
max maxiqt — —
o f1ah)

x>0
i=1
5—11—Fi@ih
0 fi@t)

For any value ob, denote the solution to the above problem(loy, yg, e yg’). The multiplier
o0 is the minimum value greater than or equal to 1, such that

i[ (g_ﬂ) i i)dFi(ﬂ')>/C(x (t)) dF (1)
i1 /T fi@t) %5 “Jr g '

Thus, if individual rationality is bindingy > 1, so it may be ex ante efficient to exclude some
types even though ex post it would be efficient to include them. This occurs if there exist some

t'>0>1 — %11}%(?) So exclusion can provide help in relaxing the individual rationality
constraints. However, note that this exclusion does not always happen even if participation con-
straints bind. It £ (t') >1 and we are in the regular case thgh(¢’, §) >0 for all ' andi is never
excluded in an ex ante efficient mechanisfn.

The limiting case with many agents is of interest, to answer the question of whether exclusion
provides a way around the negative result for pure public goods. The answer is generally yes,
and we illustrate it first with ex ante efficient mechanisms, for the linear symmetric case where
g'(y") =y', C(x) = Nkx, k € (0,1), F' = F/ forall i, j, andx € [0, 1].

When the IR constraint is binding, > 1. Let: solve Wi (:9, 5) = 0, or equivalently; —

9-1 1-F (1)
o fiad)
who are not excluded, given By symmetry, the individual rationality constraint can be written

for a representative agent, and reduceﬁgﬂét — 1}’;?)) dF(t)>kwhenx — 1. Soifthereis a

value ofé > 1 such thatg(l— F(tg)) > k, then positive production of the public good occurs even
asN — oo, and some types will be excluded (and, by IR, pay no tax). In the limit, IR is binding
on the lowestincluded typeSOtg(l — F(tg)) = k. Thus the efficient solution is characterized by
a flat user fee equal b@ which just covers the cost of production.

Does interim efficiency change these propertievas> oo? Without individual rationality

constraints! = ¢/ — % andi is excluded iffWi (¢, /') < 0. Let 1% be the solution to

wi%, 2’y = 0 and consider the regular case whéﬂéia(;:’—)“l) >0.Nowx — 1asN — oo iff

,0} q' (x) — C(x)

andy’ = x iff ¢/ >

= 0. That is,tg Is the boundary type separating those who are excluded from those

15 see Normarji34] for a detailed analysis. Hellwifi.6] focuses on limiting results for many agents. Cornjdliand
Schmitz[39] examine profit maximization for a monopolist in a more specialized setting.

16 For the uniform distribution £ (r) > 1 iff 1 > (1/2)7.
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E[max{W', 0}]>k. Thatisx — 1asN — ocoiff r% (A’ (t%) — F' t%)) + [[o (s A(s) dF (') > k.
So there can be positive production of the public good. Also if low types are favored, (that is,
is decreasing in type), then relative to ex ante efficiency there will be more exclusion and less
production. The opposite is true if high types are favored.
Next consider the limiting solution with participation constraints. For suitéabken interim
efficient mechanism excludes ak7 wherer satisfies
~ 1-F@® 11-A®0

o REANA0)

To determine the suitablg note that the participation constraint is

i[ (z" — w) OL(tYdF (1) > / C(xs5(1)) dF(t)
i fiah )0 ) |
By symmetry, this reduces to
f (ri — w) Qg(r")dF"(z"»i/ C(xs5(1))dF(2).
Ti frat) N Jr
In the limit, eitherx(tr) = 1 for all t or x(r) = O for all t depending on whether

ftf Wi(t, A, ) dF'(t) =k. In the first case, individual rationality is satisfied in the limit if and
only if

11— F@) =k

But note that this condition is independent of the welfare weights, and is precisely the same
condition we had for ex ante efficiency. Therefore, the limiting solution is the same for all welfare
weights. That is, in the limit, there is a unique interim efficient mechanism, characterized by the
exclusion cutoff type® satisfying:®(1 — F(:%) = k, if it exists.1” If there is no solution to

19, then in the limit there is either no production (ifL — F(¢)) < k for all t) or there is always
production and no exclusion ({1 — F(z)) > k for all t); these two cases also correspond to a
cutoff, either 0 oro. Also note that in both of these boundary solutions the outcome function is
“as if” the public good were not excludable. Any of these cutoff solutions can be implemented
in dominant strategies, where a “user fee” equaﬁ—_t% is posted and charged to anyone who
wishes to enjoy the use of the public good. Hence (IC2) is not binding, so the restriction to regular
mechanisms is not needed in the limit.

Proposition 1. In the symmetric case with excludable public gqadsereg’ (y') = y', C(x) =
Nkx, F' = FJ forall i, j, andx € [0, 1], all interim efficient individually rational mechanisms
are asymptotically equivalenand can be implemented with a simple user fee that will exactly
cover the cost of productiotf

As an example, supposeis uniform on[0, 1]. ThenWi(t, A, 8) = 2t — 1 + %(1 — A@®))
and(1—1% = k. If k > ; thenx = 0 asN — oo. If k<%, thenx — 1 asN — oo,

171t there is more than one solution t8(1 — F(t9)) = k, then the minimum solution is optimal.

18The limiting value of the multiplier on the participation constraint may differ according to the welfare weights, since
1-F@%) | 11-A0%) _

it must satisfyr0 — f(tE,) 5 700)
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— JVI= B andi5d = 22000 Wi, 2,0) = 2 — 1+ (200 ) (1= A (). And

1-A(9) 1-A(:%)
%—“t’l(to) =2 - <1V }\(40)) 2(t%). Notice that, as is true in generaf, does not depend on the

welfare weights. When the individual rationality constraints are binding§ as oo, the cut-off
point for exclusion;?, is such that if all who are not excluded pay an equal “user fee” equél to
then costs are exactly covered.

5.2. Private goods

Myerson[32], Myerson and Satterthwaite [33], Wilson [42], Cramton et al. [6] and others have
studied ex ante efficient mechanisms for linear private good environmiénits our notation, for
all of these settings,

{xe‘}t

U’ =tq —a
C(x)=0,

e

-1

whereld is the quantity of private good available.

In the exchange environments considered here, the set of agents is divided into two categories,
buyers and sellers. Buyers are assumed to have no endowment of the good to be exchanged,
but unlimited amounts of the transferable utility good. The buyers and sellersjhaye= x'.

Each seller owns one unit of the good to be exchanged and this is reflected in their participation
constraints, as described in earlier sections. These problems neatly divide themselves into specific
applications, depending on the number of buyers and sellers. We distinguish the following four
applications in this way:

1. Bargaining 1 buyer and 1 seller.

2. Markets I > 1 buyers and > 1 sellers.

3. Auctions | buyers and 1 seller (or 1 buyer addellers).
4. Assignmentl buyers and O sellers.

Ledyard and Palfrej27] treats all of these cases. Because of space constraints, we focus on
auctions here.

5.2.1. Auctions: many buyers and one seller (or one buyer and many sellers)

The problem of designing revenue-maximizing auctions when buyers have independent private
values was initiated by Vickrey [40], but not solved until 1981, when three papers were published
almost simultaneously by Harris and Raviv [15], Myerson [32], and Riley and Samuelson [36].

Here, we address a more general version of the problem, characterizintggath efficient
auctions. The expected revenue maximizing aucaarises as a special case, which corresponds
in our framework to setting all the buyers’ welfare weights to 0, and setting the seller’s welfare
weights to a positive constant. For that special case, it is already well known that the optimal

19 Gresik[12] and Wilson[41] consider interim efficient mechanisms in private good settings.

20 Formally, this is only revenue maximization if the seller’s type is 0. It would be more precise to call this expected
profit maximization, where the seller’s type can be viewed as the cost.
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mechanism can be implemented many simple ways, such as a second price auction with a publicly
announced reserve bid, where the reserve bid is a function of the seller’s type.

In the general case with type-dependent seller weights, the implementation of optimal mech-
anisms by auctions can be much more complicated, in particular, secret reserve bids and bid-
dependent reserve bids may be optimal. This is true, even if the buyer welfare weights are equal to
0. If buyer welfare weights are positive, the problem is even further complicated. At the opposite
extreme, where all the weight is on the buyers’ welfare, the problem becomes equivalent to the
general assignment problem, which is analyzed in the next section.

Denote the seller by, and the buyers biy= 1, ..., n. Recall that, for the buyers

S 1= Fighy 91— Al
w! l,il,551—++—+
A== s T

and for the sellers
FS(IS) /"{Oi AS(tS)
f5@S)y o f5aS)

Therefore, it follows from Theorer8 that3a* such thatx*, a*) is an interim efficient auction if
and only if there exist non-negative functiotisr®), {1*(t')};cs, not all 0, andd > 4 such thatc*

maximizes
7 Fs(tS) )LOS As(ts)
’ ry - S48 dFS s
f,s (t e fl(rS)>Q () dF* (")

S (Lo FED =N
l_+ _—— 1 ldFl i
+§U <t a6 ) )Q(f) (1 )}

w5, 25,8) =15 +

subjectto ~ x' < 1
i

and ;
0< f t (rs T %) 0 () dF* (")
+2:;/tt (zi — 1_%;(;1)) Q' (1) dF' (1)
0< -2, )
0= -1 {ftt (ts + I;;gs;) O°(t*) dF* (t*)

nooett oy 1_Fi(;i)> o
P2 ) QU dF () |
+§/t (t o) 2O (t)}

We next show how the familiar revenue maximization problem falls out of our framework.
Revenue maximizatiofor revenue maximization, assume thgt’) = 0 for alli and¢’, and

A2 (t%) = 1 for all #*. This implies that welfare is maximized by maximizing the expected surplus

to the seller. Assuming participation constraints are not binding on any seller type, the inequality

constraintis slack, s& = 1. From the characterization earligs,* such thatx*, a*) is an interim



460 J.O. Ledyard, T.R. Palfrey / Journal of Economic Theory 133 (2007) 441—-466

efficient auction if and only ik* maximizes

v " T 1 Fig S
f S Qs(ts) dFs(ts) + Z / (tl _ #) Ql (tl) dF! (fl)
15 el 2% frt)

subject toz <1

1

Assuming we are in the regular case, this gives us the following well-known solution.

Proposition 2. Pick any buyeri* e arg max {ti ) } If A* = =E00) 5 45 then sell

it )
to i* at pricer!” — 1}5—55)) Otherwise do not sell. This can be implemented by announcing a
reserve bid for each biddeF, defined by’ — =20 — /s and then holding a first price sealed

. . fa@h)
bid auction

Interim efficient auctions that are not revenue maximizilg next consider the case where the
welfare weights are still concentrated on the seller, but the welfare weights are not the same for
all seller types, so thaf = Ofori = 1, ..., n as before, but’ () is not constant! This case is
more interesting for two reasons. Firgt, — A* # 0, so there will be cross subsidization of seller
types. Second it is possible that> 1, if there is sufficient cross subsidization that individual
rationality is binding on some seller types. This could arise, for example, if some sellers whose
valuations are in the support of the buyers’ valuations are earning 0 profits.

Without loss of generality, we can normaliz&(#*) so that'® = 1. By doing so, for suitably
choser the maximand reduces to:

/ ' (ﬂ LRe 2 As(’s)) 0 () dF* ()
£ f@) o fr)

<l

" roy 1_Fi(;i)> o o
i i EYAF (1!
+;[/ (r ) 2 haF >}

; F~‘<r‘>_}AS<rS>) , - <,~_1—F"<t">) iy | aps e
L[(’ e o pan) COT L ‘I(”} )

Providedrs + ?g; - %/}g; >0 for all £, it is optimal?2 for each seller type* to set bidder-

specific reserve bids, each of which is a prigesatisfying

or

5 1-F@ o P - SAS (1)
fi@) 1)
Thus we can see that thieserve bid principlecontinues to hold. That is, the optimal auction
corresponds to a direct mechanism in which the seller rejects any bid lesg tfiwe standard

21 For example/* decreasing corresponds to a seller who is more concerned about earning profits when his valuation
is low than when his valuation is high.

22\\fe are still assuming the regular case, so this inequality will be satisfied as lohg 8s
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construction of the:* indicates that this can be implemented by a second price auction with a
reserve bid, where the second price is the maximum afhd the second highest bid. However,
there are two important differences. First, the reserve bids must be made SeSetond, the
seller must commit to the (secret) reserve bid rule, since the reserve bid does not maximize interim
expected profits, except in the special case of constant welfare weightsmttién = A’ (r%).
For example, if seller welfare weights are increasing then reserve bids will tend to be higher, since
F(*) > A*(#*), and the good is sold less often. If seller welfare weights are decreasing, then
reserve bids will tend to be lower.

Finally, suppose the welfare weight on buyers is not zero. Then it becomes a generalization of
the Myerson—Satterthwaite bargaining problem, with several buyers instead of just one buyer.

5.2.2. AssignmentJ objects, no sellers. Demand complementarities

A related problem to auctions is an assignment problem where theid lawgers,M < N
objects, no seller, and each buyer demands at most one unit. In this case, for some distributions
(uniform, for example) it is possible to achieve a first best efficient allocation. That is, the buyers
with theM highest valuations are each allocated one unit [27].

The situation becomes more complicated and more interesting if the problem is to allbcate
objects toN people who have preferences for bundles of discrete private goods. We will illustrate
this with the special case single-minded buyeysvhich is an extreme case of complementarity,
and will look at ex ante efficient mechanisms with equal welfare weights, rather than revenue
maximization?* We show in this section that unlike for the case of unit demands, the optimal
allocation rules may not be efficient.

For each goodh and each agemtwe denote their allocation by, which equals 1 if objean
is allocated ta and 0 otherwise. The payoffs are such that each person is identified by a unique
subsetD! € M of the M objects which they value as a bundle and a utility function such that
Ul =tiq'(x) — a’ whereq’(x) = 1if y), = 1Vm e D' andg’(x) = 0 otherwise?® This is
another special case of our structure in which interim efficient mechanisms reduce to picking
as follows:

N
max > Wthe' (x)
i=1

st. g'(x) € {0,1},
g'(x) =1 if yi =1Vm € D',
0 otherwise
and ZZN=1 y,i1 =1VmeM

and then minimize subject to IR. A full analysis of this problem is beyond the scope of this
article, but a simple example offers some insight into the nature of efficient mechanisms in these
environments.

23With publicly announced reserve bids, the best you can do is to set the interim profit maximizing reserve bid:
FoLEE) s
frah)
24 evin [28] investigates a related model for the case of two goods.
25IdeaIIy we would also like to analyze the case in which= Y omcM y;'nt,"n. But that involves multi-dimensional

types.
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SupposeV = 3, St = {a}, $%2 = {b}, andS® = {qa, b}. Further assume ~ uniform [0, 1] for
eachi. Therefore,
. . 0—11—-F . o0—1 -
wii,o)=t' - ——=t'"——— (1 —1").
(", 0) 5 7 5 ( )
The ex ante efficient mechanism awards the pair ofitems t&/3i#3, 5) > W2(t2, 9)+Wi(r1, ).
It awards them to 1 and 2 otherwise. In this case 3 wins iff %(1 —d =t -1+
12— =1 (1—1?) oriff 13> 11412~ 2=L . Soiifindividual rationality is binding, thed > 1 so both
items will be awarded to 3 sometimes even though the first best allocation would awaedtdem
1 andbto 2. This inefficiency occurs for type realizations whete- 255;_11 > t1+12 > 13. The ex
ante efficient auction isotfirst best efficient even in this case where types are one-dimensional
and utility is linear in type. . . ‘
Ifthere is an option not to sell theshould be excluded wheh— %(1—#) <O0ort' < 255;_11 =
B.Then, ifi' > pforalli, 3wins iff W3 > W14+ W?2. 1 and 2 win otherwise. However, the goods will
not be awarded to an agent for whom< f. The full solutionis summarized in the following table:

3<p 2> p
L < B 12 <p No one 3 wins
L < B, 12> P Only 2 wins 3 wins iff3 > 12
2 wins if 13 >1¢3
> B2 <p Only 1 wins 3 wins ifr3>¢1
1 wins ifrt>¢3
1>p,12>p 1 and 2 win 3wins i3 4+ =1 + 12

1 and 2 win otherwise

For example, suppose= 3. Thenf = .4, buyer 3 is allocated both items with probability
equal to .26, and buyers 1 and 2 each win their preferred item with probability equal to .51. Both
goods are allocated only half the time, and sometimes the pair is allocated to buyer 3 when it is
inefficient to do so. This outcome compares to a 100% allocation of both goods in the first best
solution. With probability%3 buyer 3 receives both items and with probabi@tﬁach of the other
two buyers receive their preferred item. The main effect of the participation constraints in this
example is that buyers 1 and 2 receive the item far less often than they should.

6. Conclusions

This paper presented a general framework to study the theoretical properties of interim efficient
mechanisms in independent linear environments. Interim efficient allocation rules are fully char-
acterized for these environments. For regular environments, the solution is often obtainable by
applying classical welfare analysis, substituting easily computatileal utilities for the agents’
actual utilities. We illustrated this approach with a series of applications, some of which have
been studied elsewhere in the literature, including both public goods and private goods applica-
tions. Other applications can also be analyzed in a similar way, including the problem of optimal
cartel agreement], optimal reallocation of a jointly owned asset [6,11], optimal regulatory
mechanisms [2], transfer pricing in organizations, and so forth.
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Several directions for future research seem promising. First, the incorporation of common
or affiliated values can be done, at least for some specifications. For example, My¢32pn'’s
revision effects can be incorporated with only minor adjustments to the virtual valuations. A
second issue, correlated types, involve some special features that we do not consider here, namely
using complicated side-payments schemes that exploit the correlation in order to relax incentive
constraints. These are used elsewhere, for example [10], and indeed can often relax incentive
constraints fully, so that first best is achievable. However, due to the complicated nature of the
sidepayments, these mechanisms may be impractical in most situations and also fail if there
are limited liability constraints or if collusion is possible [21]. Third, there are interesting open
guestions about the asymptotic properties of interim efficient allocations. Fourth, the applications
studied here concentrated on the regular case, and the exact details of efficient mechanisms for
these applications in the irregular case is not fully solved.
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Appendix

Proof of Lemma 2. For each andt, let

af(t)=a°i+ft sdQ' (s)—— Z/ sd Q7 (s)

2| ce -+ Y i)
N N-1 4 ’

whereC' (t') = [ C(x(t))dF(t|t') and

=AY +N—1 Zf f sdQ’(s)dF/ !y — —/ C(x(t)dF(1).

If a’(¢) is computed this way then for eath

N

N
Z al(t) = Z L+ C(x(@)).

i=1 i=1

Therefore(x, a) is feasible if and only if) _, «% >0, or, equivalently,
N

; A°’+N—l Z/ / sdQJ(s)dFJ(zJ)——f Cx(t)dF@)} > 0
=
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N N o ptf
ZA‘MZ[ / sdQ"(s)dF”(z")—f Cx@)dF(@) > 0
i= =170 r

1 1 N
>

Sx()) 0.

To verify that(x, a) is incentive compatible, observe first tf?ﬁ >0 by hypothesis and
ti

ALty =% + f sdQ'(s)

ll

1 /” . o
——=—= " | sdQ/(s)dF/(t))
N-12

1
+N /T C(x(t)dF(t)

[l
=A% + f sdQ'(s),
1l
so both (IC1) and (IC2) are satisfied anff = A’ (¢/) for all i.

Proof of Lemma 3 (only if). Let a be such thatx, a) is incentive compatible, feasible, and
satisfies individual rationality. Incentive compatibility implies that there e{x4§t}f":l such that

. . . tl . .
Al = AY —|—/_ sdQ'(s) Vi, t'.
1
The individual rationality constraint is
0y — A —U% @ =0 Vi, r.

Combining the two gives:

ti
t’Q’(t’)—/' sdQ'(s)— AY —U%EH>0 Vi, i,
i

or, equivalently,

[i
min{r"Q"(ﬂ')—/ sin(S)—UOi(ti)} >A% Vi
tl
or

ti
Q' (¢") + min [/ 0'(s)ds — U” (ﬂ')} >A% v
! £‘

1

Summing over gives:
N . . . tl . . . N .
> 10" +min [/ Q'(s)ds — U%l)} >y A%
i=1 N 44 =1

i
l
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From resource feasibility and Lemm3asS(x(-)) >0, and hence
N . N . N . . . tl . . .
S =Y A%> =" A%> 130l (r)) + min f Q'(s)ds —U%(t") | { .
, ) — 5 t

1
i=1 i

1=

which implies

N T 1 Fi)\ o _ i o\
Z f (tl - ) Q’(t’)dF’(t’)+mm / Q' (s)ds — U™ (t")
i—1 L/ frat) t 1l

—f C(x(t))dF(t)>=0.
T

(if) For eachi, let A% = ¢/ Q' (') 4+ min,; [f,’,-i Q' (s)ds — U%(t')]. Summing over implies:
S(x(-))=0.

From LemmaB., this i.mplies the existence asuch thatx, a) is feasible and incentive compatible
foralli andA% = Ai(¢!) for all i.
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